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Abstract: Currently, the unified strength criterion (USC), the three-dimensional Hoek-Brown (3D H-B) criterion and 
the generalized unified strength theory (GUST) are the three types of typical rock strength criteria. In this paper, a 

comparative study of the three types of strength criteria is performed for rocks. Based on the nonlinear characteristics 

of rock strength on meridian and deviatoric planes, the USC can predict rock strength under triaxial stress state. The 

USC is composed of two failure functions on meridian and deviatoric planes. The failure surface of the USC in principal 

stress space satisfies smoothness and convexity. The predicted strength for five types of rock under the true triaxial 

tests were compared among the USC, the GUST, and the 3D H-B criterion. The results indicate that the USC can 

effectively reflect the influence of the intermediate principal stress on rock strength and accurately predict rock strength 
under both triaxial tension (σ1=σ2>σ3) and triaxial compression (σ1>σ2=σ3). Additionally, the conventional triaxial 

tests were conducted on other eight types of rock to measure the strength on meridian plane. The predicted strengths 

for the eight types of rock on meridian plane were compared between the USC and the original H-B, which suggests 

that the USC is suitable for various types of rock and provides higher accuracy. 

Keywords: Unified strength criterion; 3D H-B criterion; Generalized unified strength theory. 
 

1. Introduction 

Rocks are naturally complex geomaterials. Its mechanical properties 

are significantly influenced by stress state, lithology and other geological 

characteristics. Rock strength criteria can quantitatively describe the 

relationship among rock strength, stress state and field variables. The 

strength criteria guide the design of ultimate bearing capacity and safety 

evaluation in practical engineering and can be used to establish the 

constitutive relationship of rock materials. So far, many rock strength 

criteria have been proposed, which can be categorized [1] into the classical 

criteria [2-8], the modified criteria [9-23], the unified criteria [24-33].  

The classical criteria include the Mohr-Coulomb criterion, the Hoke-

Brown criterion [2, 3], the Lade-Duncan criterion [4, 5], the spatial 

mobilized plane (SMP) criterion [6-8] and etc. The Mohr-Coulomb (M-C) 

criterion and the Hoek-Brown (H-B) criterion are two of the most 

commonly used criteria for describing rock strength characteristics. 

Numerous researches have demonstrated that the intermediate principal 

stress has the notable effect on rock strength [34-45], which these two 

criteria fail to characterize. The Lade criterion is suitable for cohesive 

geomaterials, but the failure curve on deviatoric plane remains unchanged 

under a given internal friction angle [46]. The SMP criterion neglects the 

strength nonlinearity of rock on meridian plane. 

Most of the modified criteria is based on the classical criteria, such as 

the Paul-Mohr-Coulomb criterion [9], the 3D Hoke-Brown criteria [10-22], 

the Zienkiewicz–Pande criterion [23]. The modification of the classical 

criteria for rocks has expanded its application in characterizing the strength 

characteristics under complex stress state. The Paul-Mohr-Coulomb 

criterion (P-M-C) proposed by Paul is a 3D linear strength criterion. The 

two sets of the P-M-C criterion can approximately delineate the nonlinear 

strength characteristics of rock. Many scholars have adopted the H-B 

criterion as the foundation for studying 3D rock strength criteria, primarily 

because it reflects the nonlinear strength of rock on the meridian plane. 

However, the current 3D H-B criteria have two main limitations. The first 

is that the strength criteria fail to predict the same rock strength under 

triaxial compression or triaxial tension as the original H-B criterion [10, 

15, 17, 19, 20]. The second is that the failure surfaces of the strength 

criteria in the principal stress space cannot simultaneously meet 

smoothness and convexity requirements [12-14, 16, 18, 21, 22]. The 

Zienkiewicz–Pande criterion is essentially a type of modified M-C 

criterion, and its failure curve is quadratic on meridian plane and 

curvilinear on deviatoric plane. For rocks, as the hydrostatic pressure 

increases, the failure curve on deviatoric plane changes from a curved 

triangle to a circle, which cannot be characterized by the Zienkiewicz–

Pande criterion [47]. 

The unified strength criteria amalgamate various individual criteria. 

Yu et al. [24-26] proposed a unified strength theory (UST) based on the 

twin-shear model, which can characterize the effect of the intermediate 

principal stress. The UST has been widely applied in geotechnical 

engineering [27, 28]. However, the UST predicts the same rock strength 

under both triaxial tension and triaxial compression, which conflicts with 

the actual strength of some rocks and limits its application. By introducing 

a modified parameter χ into the UST to correcting the rock strength under 

triaxial tension, a generalized unified strength theory (GUST) was 

proposed [29]. Although the GUST predicts the strength of various types 

of rocks more accurately, its failure surface in the principal stress space is 

non-smooth, leading to inconvenience of the numerical computation. Yao 

et al. [30, 31] proposed the unified strength criterion (USC) for 

geomaterials. The USC was established based on nonlinear characteristics 

of rock on both meridian and deviatoric planes. The stress transformation 

method [32, 33] was adopted for incorporating the failure functions on 

both meridian and deviatoric planes. Four parameters of the USC control 

the shape of failure curve, which can effectively characterize the shape 

transition of the failure curve from a curved triangle to a circle. Liu et al. 

[48] proposed a 3D nonlinear strength criterion (3D NSC) for rocks by 

combining the segmented meridian function and the generalized deviatoric 

function with one parameter. The 3D NSC can accurately describe and 

predict the strength change of rock in both brittle and ductile domains. 

The rock criteria can be categorized into the linear strength theory and 

the nonlinear strength theory [27]. A criterion can be classified as the linear 

strength theory only if the failure curves are linear on both meridian and 

deviatoric planes, whereas if the failure curve is nonlinear on either 

meridian plane or deviatoric plane, it is classified as the nonlinear strength 

theory. The linear strength theory includes the M-C criterion, the twin 

shear stress theory [24]. The nonlinear strength theory includes the Hoek-

Brown (H-B) criterion [2, 3], the SMP criterion [6-8], the Lade criterion 

[4, 5]. The failure curves of the M-C criterion and the twin-shear theory 

are linear on the two planes. The failure curve of H-B criterion is parabolic 

on meridian plane and linear on deviatoric plane, respectively. The SMP 

criterion appears as a linear function on meridian plane, and curvilinear 

shape on deviatoric plane. The Lade criterion has a linear relationship on 

meridian plane and a curvilinear relationship on deviatoric plane. The 

Zienkiewicz–Pande criterion presents failure curve with quadratic forms 

on meridian plane and the curvilinear form on deviatoric plane. 
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The strength test methods for rocks under different stress conditions 

mainly include the conventional triaxial test (CTT) and true triaxial test 

(TTT). The CTT was perhaps first conducted by Karman under the stress 

state that the intermediate and minimum principal stresses are equal [49]. 

Due to the simplicity of the equipment and ease of sample preparation, the 

CTT has been widely applied in rock mechanics experiments [50-53]. The 

CCT is suitable for testing the strength of a type of rock with the weak 

intermediate principal stress effect. The TTT apparatus designed by Mogi 

may first enable the application of three mutually independent and uniform 

loads to the specimen faces [54]. The TTT conducted by Mogi found that 

the maximum principal stress σ1 at failure is a function of σ2 with concave 

curve of σ1 vs. σ2 under constant σ3. The theories and applications based 

on the TTT have been verified by practical engineering cases such as coal 

mining [55], wellbore stability [56] and rock-burst [57, 58]. Therefore, 

both of the CTT and TTT are the effective methods for measuring rock 

strength. In particular, the TTT can measure the rock strength under more 

complex stress state. 

In summary, a versatile rock strength criterion needs to meet the 

following functions: (i) the influence of the intermediate principal stress 

on rock strength is effectively characterized; (ii) the failure surface of the 

strength criterion in the principal stress space is smooth and convex; (iii) 

the parameters of the strength criterion have clear physical meanings; (iv) 

the criterion can be conveniently integrated with elastoplastic constitutive 

models. To determine the advantages and disadvantages of the rock 

strength criteria, three types of rock strength criteria were compared in this 

paper. These rock strength criteria are the USC [31], the GUST [29] and 

3D H-B [20]. By comparing the USC with the GUST and the 3D H-B, the 

advantages of the USC are determined. Finally, based on the conventional 

triaxial test results for eight types of rock, the accuracy of rock strength 

predicted by the original H-B criterion and the USC was compared. 

2. Three typical rock strength criteria 

2.1. 3D H-B criterion 

Based on Griffith's strength theory and combined with a large amount 

of triaxial test for rocks, the original H-B criterion was first proposed by 

Hoek and Brown in 1980 [3]. It can be expressed as 

𝜎1 = 𝜎3 + 𝜎c (𝑚𝑖

𝜎3
𝜎c
+ 1)

0.5

(1) 

where σ1 is the maximum principal stress; σ3 is the minimum principal 

stress; σc is the uniaxial compressive strength of rock; mi is a constant 

reflecting the degree of softness and hardness of rock, which ranges from 

0.001 to 25.0. The failure curve of the H-B strength criterion in meridian 

plane is parabolic. It can be expressed as 
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where p is the hydrostatic pressure; q is the generalized shear stress. 

Based on the SMP criterion and the Drucker-Prager (D-P) criterion, 

Du et al. [59] developed the nonlinear unified strength theory (NUST). A 

new stress space, β stress space, is adopted in the NUST. On deviatoric 

plane, the NUST can be expressed as, 

𝑝𝛽 = 𝜎1
𝛽
+ 𝜎2

𝛽
+ 𝜎3

𝛽
= 𝑝𝛽0 (3) 

where pβ is the hydrostatic pressure in β stress space, and pβ0 is the initial 

value of pβ; σβ
i (i=1,2,3) is the principal stress in β stress space. 

Considering the effect of the intermediate principal stress, Huang et al. 

[20] integrated the NUST with the H-B criterion by the stress-space 

transformation method. Therefore, the 3D H-B criterion applicable to 

describing strength characteristics of rock under triaxial stress state was 

established. The 3D H-B criterion is defined as, 
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where Mf is a material parameter; Mβ is the failure stress ratio; mt is the 

ratio of the triaxial tension strength and the triaxial compression strength 

under the same hydrostatic stress and calculated by Mβ, Mf and β. 

The 3D H-B criterion constructs the strength curves on meridian and 

deviatoric planes based on the H-B criterion and the NUST, respectively. 

By employing a stress-space transformation method, it combines the 

strength curves on meridian and deviatoric planes, thereby establishing a 

new 3D rock strength criterion. 

2.2. Generalized unified strength theory 

Yu and He proposed a unified strength theory (UST) based on a twin-

shear model [26]. It can be expressed as follows: 

when τ12 + βσ12 ≥ τ12 + βσ23 

𝐹 = 𝜏12 + 𝑏𝜏12 + 𝛽(𝜎13 + 𝑏𝜎12) = 𝐶 (5𝑎) 

when τ12 + βσ12 ≤ τ12 + βσ23 

𝐹 = 𝜏13 + 𝑏𝜏23 + 𝛽(𝜎13 + 𝑏𝜎23) = 𝐶 (5𝑏) 

where b is a parameter reflecting the influence of τ12 and τ23 on the failure 

of materials; β is the coefficient reflecting the effect of normal stresses on 

failure; C is a material constant. The values of β and C can be determined 

by uniaxial tension strength σt and uniaxial compression strength σc 

respectively. 

The UST can be expressed by the principal stresses as follows: 

when σ2 ≤ (σ1 + ασ3)/(1 + α) 

𝐹 = 𝜎1 −
𝛼

1 + 𝑏
(𝑏𝜎2 + 𝜎3) = 𝜎𝑡 (6𝑎) 

when σ2 ≥ (σ1 + ασ3)/(1 + α) 

𝐹 =
1

1 + 𝑏
(𝜎1 + 𝑏𝜎2) − 𝛼𝜎3 = 𝜎𝑡 (6𝑏) 

where α=σt / σc. The UST expressed by the principal stresses from Eq. 6 

incorporate the intermediate principal stress σ2, which implies that the 

strength characteristics of the rock can be characterized more accurately. 

Rock strength predicted by the UST are equal under triaxial 

compression and triaxial tension, which limits its application. Li et al. [29] 

modified the UST by introducing a parameter χ and proposed the 

generalized unified strength theory (GUST). The expression of the GUST 

is as follows： 

when σ2 ≥ σ*
2 

𝐹 =
𝜎1 + 𝜒𝑏𝜎2
1 + 𝑏

−
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1 − sin𝜑
𝜎3 =

2𝑐cos𝜑

1 − sin𝜑
(7𝑎) 

when σ2 ≤ σ*
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1 + sin𝜑

1 − sin𝜑
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2𝑐cos𝜑

1 − sin𝜑
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where σ*
2 is the turning point of the σ*

2 effect corresponding to the 

maximum strength, σ*
2=σ1 [(1-sinφ) + σ3 (1-sinφ)]/[(1+χ) + (1-χ)sinφ]; the 

factor χ characterizes the mobilization of the weakening effect of σ2 when 

σ2 ≥ σ*
2, and it can be determined from the conventional triaxial tension 

test, 

𝜒 =
2(sin𝜑 − sin𝜑𝑒)

𝑏(1 − sin𝜑)(1 + sin𝜑𝑒)
+
(1 + sin𝜑)(1 − sin𝜑𝑒)

(1 − sin𝜑)(1 + sin𝜑𝑒)
(8𝑎) 

or 

1 + 𝜒𝑏

1 + 𝑏
=
(1 + sin𝜑)(1 − sin𝜑𝑒)

(1 − sin𝜑)(1 + sin𝜑𝑒)
(8𝑏) 

where φe is the friction angle under triaxial tension. As explained above, 

the strength characteristics depends on the mobilization of σ2-effect in the 

complex stress state. The GUST is based on the twin-shear model. It 

introduces the parameter χ, which enables the twin-shear model to be 

applied to some types of rock with higher triaxial tensile strength than 

triaxial compressive strength. 

2.3. Unified strength criterion 

Based on experimental law, the rock strength exhibited nonlinear 

behavior both on deviatoric plane and meridian plane [30]. The USC was 

proposed for characterizing the nonlinear behavior of the rock strength. On 

deviatoric plane, the USC unifies the SMP criterion and the Mises criterion 

by linear interpolation. 

1. The failure curve of the Mises criterion on π-plane in original stress 

space can be expressed as follows: 
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𝑞𝑀
∗ = √𝐼1

2 − 3𝐼2 (9) 

2. The failure curve of the SMP criterion on π-plane in original stress 

space can be expressed as follows: 

𝑞𝑆
∗ =

2𝐼1

3√(𝐼1𝐼2 − 𝐼3)/(𝐼1𝐼2 − 9𝐼3) − 1
(10) 

where q* is deviator stress; I1, I2 and I3 represent the first, second and 

third stress invariant, respectively; 

A linear interpolation of the SMP criterion and the Mises criterion is 

conducted by introducing a material parameter α. The expression of the 

USC can be expressed as follows: 

𝑞𝛼
∗ = 𝛼𝑞𝑀

∗ + (1 − 𝛼)𝑞𝑆
∗ (11) 

As shown in Fig. 1, α is a factor controlling the shape of the USC on 

π-plane. α varies within the range of 0 to 1. α=0 and α=1 represent the SMP 

criterion and the Mises criterion respectively. Therefore, the shape of the 

USC on deviatoric plane can transmit from a curved triangle to a circle 

with α increasing. 

On meridian plane, a failure function of the USC can be established as 

a power function [30], 

𝑞𝛼
∗ = 𝑀𝑓 (

𝑝 + 𝜎0
𝑝𝑟

)
𝑛

𝑝𝑟 (12) 

where p is mean stress; pr is given reference pressure; Mf and n are material 

parameters; σ0 is triaxial tension strength. 

 

Fig. 1. Failure curve on π-plane [31]. 

Notice that if establishing the strength criterion by combining the 

failure functions on deviatoric and meridian planes, one of the two points 

should be satisfied at least: (i) the failure function on meridian plane is 

linear; (ii) the failure curve on deviatoric plane is circular. The failure 

curves of the USC on deviatoric and meridian planes are a curve triangle 

and nonlinear respectively. Thus, a transformed method is adopted for the 

failure function on meridian plane of the USC, which can transform the 

nonlinear failure curve into the linear failure curve. The failure curves on 

deviatoric planes in original and transition spaces are shown in Figure 2. 

The failure curve passes a fixed point (pr, Mf pr). Transformation 

relationship is defined as, 

{

�̅�𝛼
∗ = 𝑀𝑓�̅�

�̅� = (
𝑝 + 𝜎0
𝑝𝑟

)
𝑛

𝑝𝑟
(13) 

where p
_

 is mean stress in transformed stress space. 

The stress tensor in transition space is expressed as, 

{

𝐼1̅ = �̅�1 + �̅�2+�̅�3
𝐼2̅ = �̅�1�̅�2 + �̅�2�̅�3 + �̅�3�̅�1
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(14) 

�̅�𝑖 = 𝜎𝑖 + [(
𝑝 + 𝜎0
𝑝𝑟

)
𝑛

𝑝𝑟 − 𝑝] (15) 

where σ
_

i (i=1,2,3) represents the principal stress in transformed stress 

space. In transformed stress space, the new unified strength criterion, the 

USC, satisfies a condition that is the linear failure function on meridian 

plane. Therefore, the USC can be established by combing the failure 

functions on deviatoric and meridian planes (σ
_

3 > 0), 

{
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(16) 

 

Fig. 2. Failure curve on meridian plane [31]. 

The USC constructs the strength curve on meridian and deviatoric 

planes based on the empirical power function and a linear combination of 

the SMP and Mises criteria, respectively. It also combines the strength 

curves on these two planes by using a stress-space transformation method. 

3. Rock strength test 

3.1. True triaxial test 

The true triaxial test results are quoted from the references [37-39]. 

The USC was verified by the true triaxial test from five types of rock 

including Dunham dolomite [37] , KTB amphibolite [39], Shirahama 

sandstone [38], Solnhofen limestone [37] and Yuubari shale [38]. The true 

triaxial tests were conducted under different σ3 levels. The tests data are 

shown in Table 1~5. 

3.2. Conventional triaxial test 

3.2.1. Test equipment 

The conventional triaxial tests were conducted on WDT-1500 Rock 

Test System with an axial load capacity of 1500 kN, confining pressure 

capacity of 80 MPa (see Fig. 3). The WDT-1500 controller consists of a 

hardware component and software applications. It includes four main parts: 

a digital servo controller, an axial dynamic loading system, a self-balanced 

pressure chamber and a data acquisition system. The computer is used to 

control the host to run the experiment. 

3.2.1. Test Specimen 

Eight types of rock, green sandstone, tuff, mudstone, fine sandstone, 

cyan sandstone, granite, grey sandstone and micritic limestone are selected 

to test strength in this paper. The rock samples were obtained from the 

surrounding rock of a tunnel in Qinlin Mountain, Shaanxi Province, China. 

The samples were cut into standard cylinders 50 mm in diameter and 100 

mm in length according to the ISRM testing procedure and guidelines. 

 

Fig. 3. WDT-1500 Rock Testing System. 
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Table 1. Summary of true triaxial compression tests of Dunham dolomite. 

σ1 (MPa) σ2 (MPa) σ3 (MPa) 

400 25 25 

475 66 25 

495 96 25 

560 129 25 

571 174 25 

586 229 25 

545 272 25 

487 45 45 

570 97 45 

576 126 45 

606 160 45 

639 183 45 

670 240 45 

670 266 45 

622 294 45 

540 60 60 

568 65 65 

638 117 65 

644 153 65 

687 208 65 

685 262 65 

746 318 65 

701 393 65 

620 85 85 

684 128 85 

719 153 85 

744 233 85 

773 306 85 

818 376 85 

798 445 85 

682 105 105 

778 167 105 

786 205 105 

805 268 105 

863 270 105 

824 334 105 

840 356 105 

822 415 105 

725 125 125 

824 187 125 

860 239 125 

863 293 125 

897 362 125 

941 414 125 

918 463 125 

886 516 125 

Table 2. Summary of true triaxial compression tests of KTB amphibolite. 

σ1 (MPa) σ2 (MPa) σ3 (MPa) 

176 0 0 

346 80 0 

291 150 0 

347 200 0 

267 230 0 

410 30 30 

479 60 30 

599 100 30 

652 200 30 

571 250 30 

637 300 30 

702 60 60 

750 90 60 

766 100 60 

745 155 60 

816 200 60 

888 250 60 

828 300 60 

887 350 60 

954 400 60 

815 450 60 

868 100 100 

959 160 100 

1001 200 100 

945 250 100 

892 270 100 

1048 300 100 

1058 350 100 

1155 440 100 

1118 600 100 

1147 150 150 

1065 200 150 

1112 200 150 

1176 250 150 

1431 300 150 

1326 350 150 

1169 400 150 

1284 450 150 

1265 500 150 

1262 640 150 

Table 3. Summary of true triaxial compression tests of Shirahama 

sandstone. 

σ1 (MPa) σ2 (MPa) σ3 (MPa) 

98  9  5  

100  15  5  

89  29  5  

111  46  5  

95  64  5  

113  15  8  

133  27  8  

136  41  8  

138  52  8  

129  74  8  

161  30  15  

167  61  15  

167  82  15  

164  88  15  

172  98  15  

184  30  20  

174  42  20  

188  52  20  

186  61  20  

198  73  20  

197  85  20  

195  100  20  

187  104  20  

223  50  30  

228  73  30  

234  93  30  

231  113  30  

243  133  30  

226  153  30  

217  174  30  

245  61  40  

256  73  40  

260  83  40  

256  103  40  

276  103  40  

268  124  40  

284  143  40  

277  164  40  

 

3.2.3. Test method  

Uniaxial compression strength tests and conventional triaxial tests 

were conducted on each type of rock. During the tests, a constant confining 

pressure was applied to the rock samples, and the axial pressure was 

gradually increased until the rock failed. The loading rate of axial force 

was set at 0.1 kN/s. The confining pressures applied to green sandstone 

and tuff were 2, 7, 10, and 13 MPa, and 4, 8, 12, and 16 MPa, respectively. 

For the rest rock samples, the confining pressures were 5, 10, 15, and 20 

MPa. The test results were summarized in Table 6. 

4. Comparison among the USC, the GUST and 3D H-B criterion 

All parameters of the USC are shown in Figure 4. The results of true 

triaxial tests illustrate the strength variation of five types of rock from 

triaxial compression to triaxial tension. From Figure 4, the following 
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conclusions can be drawn: (1) σ2 significantly affects rock strength; (2) σ2 

effect on rock strength exhibits an interval pattern, which refers that as σ2 

increases from the lower limit value (σ2=σ3) to the upper limit value (σ1=σ2), 

rock strength initially increases, then decreases once σ2 reaches a certain 

value; (3) rock strength increases as σ3 increases; (4) rock strength under 

triaxial tension is slightly greater than that under triaxial compression. (5) 

the degree of σ2 effect of Yuubari shale and Shirahama sandstone is smaller 

than other types of rock, which means the degree of σ2 effect varies among 

different types of rock. 

Table 4. Summary of true triaxial compression tests of Solnhofen 

limestone. 

σ1 (MPa) σ2 (MPa) σ3 (MPa) 

397 20 20 

417 51 20 

413 92 20 

453 165 20 

460 206 20 

465 233 20 

449 40 40 

446 40 40 

486 80 40 

499 113 40 

530 193 40 

547 274 40 

535 315 40 

517 87 60 

537 102 60 

530 113 60 

576 164 60 

550 197 60 

553 275 60 

557 345 60 

528 80 80 

572 126 80 

577 150 80 

647 208 80 

591 225 80 

677 283 80 

665 298 80 

650 378 80 

680 454 80 

Table 5. Summary of true triaxial compression tests of Yuubari shale. 

σ1 (MPa) σ2 (MPa) σ3 (MPa) 

160 25 25 

167 25 25 

181 36 25 

187 36 25 

175 45 25 

175 57 25 

186 66 25 

200 77 25 

194 79 25 

196 86 25 

200 96 25 

194 101 25 

185 115 25 

197 125 25 

183 134 25 

236 49 50 

256 70 50 

259 91 50 

265 100 50 

258 110 50 

258 123 50 

285 130 50 

265 149 50 

256 160 50 

The 3D H-B criterion and USC describe the strength characteristics of 

rock in a nonlinear form, while GUST describe those in a piecewise linear 

form. For Dunham dolomite (see Fig. 4a), σ3 ranges from 25 to 125 MPa 

with a constant interval of 20 MPa. The value of σ2 corresponding to the 

maximum strength predicted by the USC is greater than that predicted by 

the other two criteria, for example, when σ3=125 MPa, σ2
USC=550 MPa, 

σ2
3D H-B=426 MPa, σ2

GUST=370 MPa. The maximum increase ratio of rock 

strength from triaxial compression to triaxial tension predicted by the USC, 

the GUST, and the 3D H-B criterion is 34.01%, 17.31%, and 14.42%, 

respectively. 

For KTB amphibolite, σ3 ranges from 0 to 150 MPa with intervals of 

30 MPa, 40 MPa, and 50 MPa (see Fig. 4b). The length of the strength 

increase section predicted by the USC is still greater than that of the other 

two criteria. Among the three criteria, the rock strength predicted by the 

3D H-B under triaxial tension is lower than that under triaxial compression 

when σ3 is greater than 0 MPa, while the other criteria maintain the 

prediction that the triaxial tension strength is greater than the triaxial 

compression strength. The 3D H-B criterion shows a significant drop in 

rock strength after reaching the maximum value when σ3 is greater than 30 

MPa, resulting in an obvious error. Compared with other criteria, the rock 

strength predicted by the USC and the actual values have good fitting 

results. 

For Shirahama sandstone, σ3 ranges from 8 to 40 MPa with intervals 

of 5 MPa, 7 MPa, and 10 MPa (see Fig. 4c). When the values of are 8 MPa, 

15 MPa, and 20 MPa, the rock strength predicted by the USC criterion is 

lower than the actual values near triaxial compression. When the values of 

σ3 are 30 MPa and 40 MPa, the rock strength predicted the 3D H-B 

criterion is significantly lower than the actual values near the triaxial 

tension state. The errors between the rock strength predicted by the GUST 

and the actual values are not obvious. For Solnhofen limestone and 

Yuubari shale, none of the three criteria shows significant errors in fitting 

rock strength (see Fig. 4d, e). 

Table 6. Summary of conventional triaxial compression tests of eight 
types of rock. 

Rock type σ1 (MPa) σ2 =σ3(MPa)  p (MPa) q (MPa) σc (MPa) 

Green 

sandstone 

69.00  2  24.33  67.00  

60 
94.75  7  36.25  87.75  

123.30  10  47.77  113.30  

169.00  13  65.00  156.00  

Tuff 

92.50  4  33.50  88.50  

70 
141.00  8  52.33  133.00  

157.00  12  60.33  145.00  

169.00  16  67.00  153.00  

Mudstone 

36.80  5 15.60  31.80  

25 
66.20  10 28.73  56.20  

71.40  15 33.80  56.40  

103.00  20 47.67  83.00  

Fine 

sandstone 

50.07  5 20.02  45.07  

42 
60.42  10 26.81  50.42  

68.56  15 32.85  53.56  

75.01  20 38.34  55.01  

Cyan 

sandstone 

84.22  5  31.41  79.22  

67 
90.66  10  36.89  80.66  

106.70  15  45.57  91.70  

125.22  20  55.07  105.22  

Granite 

95.46  5  35.15  90.46  

78 
105.88  10  41.96  95.88  

117.01  15  49.00  102.01  

140.13  20  60.04  120.13  

Grey 

sandstone 

90.40  5  33.47  85.40  

75 
95.80  10  38.60  85.80  

103.00  15  44.33  88.00  

128.30  20  56.10  108.30  

Micritic 

limestone 

154.88  10  58.34  144.82  

90 

197.87  25  82.68  172.80  

281.45  40  120.56  241.34  

157.24  10  59.12  147.18  

265.52  25  105.25  240.41  

288.16  40  122.82  248.00  

 

In order to compare the USC with other strength criterions 

quantitatively, the root-mean-square error (RMSE, MPa) between the 

predicted strength and the tested data is defined as,  

RMSE=√
∑ (𝜎1𝑖

calc − 𝜎1𝑖
test)

2𝑛
𝑖=1

𝑛
(17) 
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where the unit of RMSE is MPa; σ1i
test and σ1i

calc are tested data and 

calculated data of i-th the first principal stress respectively; n is the total 

number of test samples. 

As shown in Figure 5, the RMSE ranges for the USC, the 3D H-B 

criterion, and the GUST are 7.35 MPa to 69.12 MPa, 8.74 MPa to 108.32 

MPa, and 8.63 MPa to 109.12 MPa respectively, which indicate that USC 

is the optimal criterion in predicting rock strength. It is known that the 

effect of σ2 on rock strength can be divided into two parts: a strengthening 

region at low σ2 values, and a weakening region at high σ2values. In 

addition, the triaxial tension strength of rock is slightly greater than the 

triaxial compression strength. 

The USC accurately characterizes the effect of σ2 due to integration 

of the nonlinear characteristics of rock strength both on deviatoric plane 

and meridian plane. The GUST characterizes the effect of σ2 by 

introducing the parameter b, and adjusts the fitting results by introducing 

the mobilized parameter χ to make the triaxial tension strength of the rock 

greater than the triaxial compression strength. For the 3D H-B criterion, 

when the stress state of rock is approaching triaxial tension state, the errors 

between fitting values and actual values become more significant, 

particularly in KTB amphibolite. The deficiency of 3D H-B criterion is 

mainly related to the overestimation of the weakening effect at high σ2 

values.  

 

(a) Dunham dolomite                        (b) KTB amphibolite 

 

(c) Shirahama sandstone                      (d) Solnhofen limestone 

 

(e) Yuubari shale 

Fig. 4. Comparisons among the USC, the GUST and 3D H-B criterion σ2-σ1 plane. 

5. Rock strength predicted by USC on meridian plane 

To further validate the applicability of the USC for different types of 

rock, the conventional triaxial tests were conducted on eight types of rock, 

including green sandstone, tuff, mudstone, fine sandstone, cyan sandstone, 

granite, grey sandstone and micritic limestone. Mf, n, σ0 and pr, were 

determined by the methods provided in reference [31].  

The test results show that the deviatoric stress q increases 

monotonically with an increase of the hydrostatic pressure p (see Fig.6). 

The failure curve fitted by the USC on meridian plane includes linear and 

nonlinear forms, which are controlled by the parameter n. The failure curve 

fitted by the original H-B criterion only has a nonlinear form. The 

intersection of the failure curve of rock on meridian plane with the p-axis 

represents the true triaxial tensile strength. In the USC, the true triaxial 

tensile strength of the rock can be evaluated directly [31], whereas the 

original H-B criterion cannot provide the reasonable true triaxial tensile 

strength. For example, the true triaxial tensile strength of Fine sandstone 

calculated by the USC criterion is -3.97 MPa, while the true triaxial tensile 
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strength of Fine sandstone calculated by the original H-B criterion is -

26.36 MPa, which is 6.64 times than that calculated by the USC.  

The RMSE of q for the USC and the original H-B criterion has been 

calculated according to Eq. (21). Figure 7 shows the RMSE of q for all 

types of rock. The RMSE of q for the USC and the original H-B criterion 

ranges from 0.69 MPa to 4.9 MPa and 0.72 MPa to 7.88 MPa respectively. 

The RMSE interval of q for the USC falls within that of the original H-B 

criterion, which suggests that the USC can predict the different types of 

rock more accurately than the original H-B criterion. On the other hand, 

the USC overcomes the shortcoming of some 3D H-B criteria, which 

cannot predict the same rock strength as the H-B criterion [10, 15, 17, 19, 

20]. 

6. Discussion 

The GUST, the 3D H-B criterion, and the USC all belong to the unified 

strength theory. Each of the three criteria can be degenerated into a single 

strength criterion by changing values of the relevant parameters. 

When b=0, the GUST reduces to the Mohr-Coulomb criterion. When 

b=1/2 and (1-sinφ)/(1+sinφ)=0, the GUST becomes the linear 

approximation of the Mises criterion. When b=0 and (1-sinφ)/(1+sinφ)=1, 

the GUST becomes the Tresca criterion. For the 3D H-B criterion, when 

mt=1, it reduces to the original H-B criterion; it becomes the SMP criterion 

with β=0 and Drucker-Prager criterion with β=1. For the USC criterion, it 

reduces to the SMP criterion with α=0 and the Mises criterion with α=1. 

 

Fig. 5. RMSE of σ1 from the USC, the 3D H-B and the GUST. 

 

(a) Green sandstone                             (b) Tuff 

 

(c) Mudstone                               (d) Fine sandstone 

 

(e) Cyan sandstone                               (f) Granite 
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(g) Grey sandstone                        (h) Micritic limestone 

Fig. 6. Comparisons between the USC and the original H-B criterion. 

The parameters of the three criteria are determined through the true 

triaxial tests or conventional triaxial tests. The GUST includes four 

parameters c, φ, χ and b. c and φ can be determined by conventional triaxial 

tests. b and χ can be determined jointly using the least square method based 

on the results of true triaxial tests [29]. The 3D H-B criterion includes six 

parameters σc, mi, mt, Mβ, Mf and β. These six parameters are not mutually 

independent. As long as mt is determined, the Mβ, Mf and β will be 

determined. In general, mt is determined by true triaxial tests. When some 

types of rock satisfy the negative exponential empirical relationship 

between mi and mt, mt =[(mi+1)-0.371+1]/2, the five parameters of the 3D H-

B can be reduced to two parameters σc and mi [20]. σc and mi can be 

determined by conventional triaxial tests. The parameters of USC are 

determined by true triaxial tests. Therefore, the difficulty level of the 

method for determining the parameters among these three criteria is 

similar to the types of rock. 

 

Fig. 7. RMSE of q from the USC and the H-B criterion. 

The USC can unify the strength characteristics of different materials 

by adjusting the values of four independent parameters Mf, σ0, n and α. As 

shown in Figure 8, σ0=0 and σ0≠0 in the USC represents cohesiveless and 

cohesive materials respectively (see Fig. 8a, c, e), while 0<n≤1 in the USC 

represents frictional materials (see Fig.8b, d, f). Different combinations of 

σ0, n and α can be used for describing the strength characteristics of some 

specific materials. Note that the color of the 3D failure surface serves only 

for rendering purposes, providing a good visual effect without the specific 

meaning. The parameter value can be classified into three categories. 

The first category for parameter value is that n=1, α=0 (see Fig. 8a, b). 

When σ0=0, the USC reduces to the SMP criterion, which can be applied 

to sands and saturated clays (see Fig. 8a). When σ0≠0, cohesion is taken 

into account in the USC, which is identical to the extended SMP criterion 

[60]. In this case, the USC is appropriate for cohesive unsaturated soils and 

cemented sands (see Fig. 8b).   

The second category for parameter value is that n=1, 0<α≤1 (see Fig. 

8c, d). The failure surface of the USC changes from curved triangle to 

circle with α increasing. When σ0=0, the USC can be used to describe the 

strength characteristics of sands and saturated clays (see Fig. 8c). When 

σ0≠0, the USC is appropriate for cohesive unsaturated soils and cemented 

sands (see Fig. 8d). 

The third category for parameter value is that 0< n<1, 0<α<1 (see Fig. 

8e, f). The coupling effect of the strength on meridian plane and deviatoric 

plane can be taken into account. When σ0≠0, the USC can be applied to 

nonlinear cohesiveless materials, such as gravels (see Fig. 8e). When σ0≠0, 

the USC is in the general form. In this case, the material is cohesive, and 

the internal friction angle varies nonlinearly with hydrostatic pressure 

increasing (see Fig. 8f). Thus, the applicable scope of the USC can be 

expanded under, which means that the strength characteristics of rock and 

concretes can be described by the USC under as well. 

In conclusion, the USC can be applied for describing the strength 

characteristics of soils, gravels, concretes and rocks by adjusting the value 

of relevant parameters.  

Compared to the original H-B criterion, the GUST, and the 3D H-B 

criterion, the USC not only clearly reflects the shear yield and failure 

characteristics of rocks under three-dimensional stress condition but also 

facilitates the integration with the specific elastoplastic constitutive 

models [61-63]. There are numerous structural planes in rock masse that 

can affect the stability of engineering projects. To more accurately assess 

stability of the projects, the primary task is to accurately predict the 

strength of the rock mass. Although the USC has demonstrated good 

accuracy in predicting the strength of intact rock, it has not been proven 

effective in predicting rock mass strength. Therefore, in future research, 

the focus will be on predicting rock mass strength and establishing the 

corresponding elastoplastic constitutive model. 
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(a) σ0=0, n=1, α=0                                        (b) σ0≠0, n=1, α=0 

 

(c) σ0=0, n=1, 0<α<1                                   (d) σ0≠0, n=1, 0<α<1 

 

(e) σ0=0, 0<n<1, 0<α<1                            (f) σ0≠0, 0<n<1, 0<α<1 

Fig. 8. Failure surfaces of the USC in principal stress space. 

7. Conclusion 

In this paper, three typical types of rock strength criteria are selected 

to fit the true triaxial experimental results of five types of rock from the 

reference. The pros and cons of the USC, 3D H-B, and GUST criteria are 

compared. Based on the conventional triaxial test results of eight types of 

rock, the accuracy of the original H-B criterion and the USC in predicting 

rock strength on meridian plane is compared. Finally, the meaning and 

determination method of the parameters in each criterion is discussed. 

1. The USC is constructed by combining the failure functions on 

deviatoric and meridian planes. The USC can predict the strength of 

various geomaterials. The 3D H-B criterion is established in β stress space. 

The GUST introduces a weighted parameter χ to correct the UST. 

2. The predictions of strength on σ1-σ2 plane under the true triaxial test 

condition for five types of rock are compared among the 3D H-B, the USC 

and the GUST. The USC effectively reflects the influence of the 

intermediate principal stress on rock strength and accurately predicts rock 

strength under both triaxial tension and triaxial compression. 

3. The predicted strength on meridian plane under the triaxial test 

condition for eight types of rock are compared between the original H-B 

criterion and the USC. The results indicate that the USC criterion is 

applicable to various types of rock and has a higher degree of accuracy. 

4. The difficulty level of the method for determining the parameters 

among these three criteria is similar for various types of rock. The USC 

are appropriate for more types of geomaterials. 
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